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ABSTRACT

This paper investigates the state and actuator fault reconstruction problem in
a class of switched linear systems subjected to unknown external disturbances
according to average dwell time (ADT) technique. First, a robust switched slid-
ing mode observer (SMO) is developed to simultaneously reconstruct the states
of the switched system and the actuator faults. A novel and less conservative
sufficient stability conditions are then established using the multiple quadratic
Lyapunov function technique and the ADT approach. These conditions are for-
mulated as linear matrix inequalities (LMI) to facilitate the design of the SMO.
The observer gains matrices are obtained throughout the resolution of LMI using
convex optimization techniques. Next, actuator faults are estimated by utilizing
the concept of equivalent output injection, achieved through an analysis of the
state error dynamics during the sliding motion. Finally, simulation results are
considered to illustrate the applicability and efficiency of the developed method.
It showcases the rapid and accurate convergence of the estimated system states
and actuator fault to the real variables.
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1. INTRODUCTION
In recent years, there has been significant interest in the control and synthesis of switched systems,

driven by their extensive applications in practical engineering systems. Switched systems are an important
class of hybrid dynamical systems. They are governed by a finite number of linear subsystems and a controlled
or autonomous logical switching sequence which determines the switching between these subsystems and
indicates the active mode [1]–[4].

Fault diagnosis (FD) techniques are of great importance in ensuring the reliability and safe operation
of practical engineering systems. In literature, FD methods are divided into two types based on a priori pro-
cess knowledge including model-based FD methods and knowledge-based FD methods. Many FD methods
are observer based. This method employs an analytical redundancy scheme, comparing measured signals with
their estimates derived from a mathematical model. The resulting filtered disparity serves as a fault indication
signal, commonly known as a residual signal. In fault-free conditions, the residual signal should approach
zero, whereas the presence of faults typically results in a non-zero residual [5]. For fault detection and estima-
tion problem, many observer-based methods have been established in the literature, such as adaptive observer
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method [6], [7], unknown input observer (UIO) method [8], fuzzy observer method [9], [10], descriptor ob-
server method [11], [12], learning method based on neural network [13], interval observers [14] and sliding
mode observer (SMO) method [15], [16].

The last decades have seen an increase in interest of application the sliding mode techniques for fault
detection and estimation. However, in the literature, SMO are applied to several class of linear system [17],
descriptor systems [18], linear parameter varying descriptor systems [19] and nonlinear systems [20]. SMO
for switched systems have garnered significant attention over the past few decades, with numerous research
papers dedicated to this subject [21]-[24]. For example, Islem et al. [21] have deal with the problem of
states and actuator fault reconstruction applicable for a class of switched linear systems subject to exogenous
disturbances. Yin et al. [22], two observer approaches have been proposed for switched systems to tackle
state and fault estimation problems. The initial approach utilizes a linear descriptor reduced-order observer
to accurately estimate both the system state and sensor faults simultaneously. The second approach employs
a descriptor SMO technique to reconstruct sensor and actuator faults. Li et al. [23], the authors address the
problem of sensor fault detection and estimation for buck-boost converter. By emploing switched Lyapunov
function, an SMO is formulated for the switched error systems. This design ensures that the error systems
achieve asymptotic stability by mean of H∞ performance. Ali et al. [24], a robust SMO-based fault detection
method for a boost converter is introduced. This approach incorporates the concept of average dwell time
(ADT) along with H∞ performance index considerations to mitigate the impact of disturbances on the residual
signal. Additionally, the stability of switched systems is addressed using a Lyapunov functional technique.

The current study focuses on the problem of fault detection and estimation for continuous-time switched
systems subject to unknown external disturbances and actuator faults. Sufficient stability conditions for the es-
timation error dynamics are provided in terms of linear matrix inequalities by using the multiple Lyapunov
function and ADT approach. The advantage of employing these approaches is that they result in less conser-
vative conditions compared to those using a common Lyapunov function which usually leads to a conservative
result. The objective is to find an admissible switching signal that will ensure the convergence and stability of
the designed SMO. The main contributions of the present manuscript are stated in the following:
- The state estimation approach is developed based on robust switched SMO for a class of switching systems

with external disturbances and actuator faults.
- By utilizing the multiple Lyapunov function technique and H∞ method combined with the ADT concept, a

switching signal is constructed and sufficient conditions are derived to ensure the globally uniformly asymp-
totically stable (GUAS) behavior of the error reconstruction dynamics, while also reducing the conservative-
ness of the designed SMO.

- The developed switched SMO, incorporating feedforward signals, can simultaneously estimate actuator
faults.

- The proposed estimation algorithm offers the advantage of quickly and accurately estimating faults, while
also being suitable for reconstructing various types of faults.

The remainder of the paper is organized as follows: section 2 introduces the general model and prelim-
inaries. In section 3, a robust switched SMO is designed to estimate the states of the original switched system
and reconstruct actuator faults. Section 4 presents a numerical simulation to demonstrate the effectiveness and
applicability of the theoretical results. Finally, section 5 provides the conclusion.

2. GENERAL MODEL AND PRELIMINARIES
Consider the dynamic continuous-time switched systems in the presence of actuator faults and un-

known external disturbance modeled by:{
ẋ(t) = Aσ(t)x(t) +Bσ(t)u(t) + Fσ(t)fa(t) +Rd(t)

y(t) = Cx(t)
(1)

where x(t) ∈ Rn, u(t) ∈ Rp and y(t) ∈ Rm are the state vector, the input vector and the output
measurement vectors, respectively. fa(t) ∈ Rq represents the actuator fault and d(t) ∈ Rl denotes the unknown
external disturbances. The switching signal σ(t) : R+ → Θ = {1, 2, ..., N} is a piecewise constant function
and continuous from the right everywhere and N denotes the number of subsystems. When σ(t) = i , the i-th
subsystem is activated for some i ∈ Θ . In this case, the system (1) can be rewritten in the form (2):
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ẋ(t) = Aix(t) +Biu(t) + Fifa(t) +Rd(t)

y(t) = Cx(t)
(2)

Before starting the design of the switched SMO, the following assumptions are required:
Assumption 1.

rank(CFi) = rank(Fi) = q

Assumption 2. The number of actuator faults and disturbances are assumed to satisfy the condition:

q + l ⩽ m

Assumption 3. We assume that ∥fa(t)∥ ⩽ α1 holds for α1 is a non-negative real number.
Assumption 4. All pair (Ai, C) are observable ∀i ∈ Θ.

rank


C

CAi

...
CAn−1

i

 = n

Initially, we introduce a definition and a lemma that establish the basis for defining the ADT concept
and for presenting corresponding stability results associated with this concept.
Definition 1 [25]. Consider the time interval (τ1, τ2) of the switched system, and let Nσ(t)(τ1, τ2) denotes
switching numbers of σ(t) during the interval (τ1, τ2). If the following condition holds:

Nσ(t)(τ1, τ2) ⩽ N0 +
τ2 − τ1

τa
(3)

where N0 ≥ 0, then the constant τa > 0 is called the ADT.
Lemma 1 [26]. Suppose that exist C1 functions Vσ(t) : Rn → R, two class K∞ functions κ1 and κ2 and two
constants α > 0, µ > 1 such that we have

κ1 (∥x(t)∥) ≤ Vσ(t)(x(t)) ≤ κ2 (∥x(t)∥) (4)

V̇σ(t)(x(t)) ⩽ −αVσ(t)(x(t)) (5)

and ∀(σ(tl) = i, σ(tl
−) = j) ∈ N ×N, i ̸= j,

Vi(x(t)) ⩽ µVj(x(t)) (6)

Then the switched linear system ẋ(t) = fσ(t)(x(t)) is GUAS for any switching signal with ADT:

τa ⩾ τ∗a =
lnµ

α
(7)

3. MAIN RESULTS
In this part, we present a solution to the fault diagnosis problem based on SMO. Firstly, the model of

a fault diagnosis SMO is given. Next, we employ the Lyapunov-Krasovskii functional method to ensure the
estimation error stability and derive LMIs to establish sufficient conditions. The observer gain matrices are
then computed by solving a set of LMI constraints. Finally, we describe the method for reconstructing actuator
faults based on the concept of equivalent output injection.

3.1. Sliding mode observer design
The designed SMO for the switched system model (2) is described as (3):
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ż(t) = Niz(t) +Giu(t) + Liy(t)−Υiν(t)

x̂(t) = z(t) + T2y(t)

ŷ(t) = Cx̂(t)

ey(t) = y(t)− ŷ(t)

(8)

where z(t) ∈ Rn, x̂(t) ∈ Rn, ŷ(t) ∈ Rm and ν(t) are respectively the observer state vector, the estimated
state vector, the estimated output vector and the discontinuous switched component to induce a sliding motion
[27]. ey(t) is the observer residual signal which is the difference between the measured output y(t) and the es-
timated output ŷ(t). The gain matrix Υi ∈ Rn×m is the feedforward injection map. Ni ∈ Rn×n, Gi ∈ Rn×p,
Li ∈ Rn×mand T2 ∈ Rn×m are the observer gains to be determined.

Defining the state error vector ex(t) = x(t)− x̂(t), then from (8) we have:

ex(t) = x(t)− z(t)− T2y(t) = (In − T2C)x(t)− z(t) (9)

Since that for rank
[

In
C

]
= n, there exists nonsingular matrices T1 ∈ Rn×n and T2 ∈ Rn×m such that:

T1 + T2C = In (10)

Then, the state error vector (9) is described by (11):

ex(t) = T1x(t)− z(t) (11)

Consequently, the dynamic of the state estimation error is governed by (12):

ėx(t) = T1ẋ(t)− ż(t) (12)

By substituting the expressions for ẋ(t) and ż(t) derived from (2) and (8) respectively, (12) becomes after some
calculations:

ėx(t) = Niex(t) + T1Rd(t) + T1Fifa(t) + Υiν(t) + (T1Bi −Gi)u(t)
+ (T1Ai +NiT2C − LiC −Ni)x(t)

(13)

If we choose the matrices

Gi = T1Bi (14)

Ei = NiT2 − Li (15)

Ni = T1Ai + EiC (16)

T1R = 0 (17)

Then, it is easy to show that the error dynamics (13) can be rearranged as (18):

ėx(t) = Niex(t) + T1Fifa(t) + Υiν(t) (18)

To simultaneously determine the matrices T1 and T2 from equations (10) and (17), one can introduce the
following augmented matrix:

[
T1 T2

] [ In R
C 0

]
=

[
In 0

]
(19)

Under Assumption 3, [28], a particular solution of (19) using the generalized inverse matrix is computed by:

[
T1 T2

]
=

[
In 0

] [ In R
C 0

]+
(20)

Robust sliding mode observer based-simultaneous state and actuator fault estimation ... (Mohamed Elouni)



3718 ❒ ISSN: 2302-9285

According to (18), the dynamics of output estimation error ey(t) can be given by:

ėy(t) = [CNiex(t) + CT1Fifa(t) + CΥiν(t)] (21)

An ideal sliding mode occurs under conditions where ey(t) = 0, ėy(t) = 0. In (8) ν(t) is the external feed-
forward compensation signal but in (21) it acts as an input signal. From (21), a virtual equivalent feedforward
signal [18] may be described for each CΥi ̸= 0 as (22):

ν(t) = −(CΥi)
−1

[CNiex(t) + CT1Fifa(t)] (22)

Therefore, the discontinuous output error injection term ν(t) has the following structure:

ν(t) = ρ sgn (ey(t)) = ρ
ey(t)

∥ey(t)∥
, ey(t) ̸= 0 (23)

where ρ is a positive scalar with:

ρ ⩾
∥T1∥ ∥Fi∥

∥Υi∥
α1 (24)

To obtain the gain matrices and the feedforward compensation signal ν(t) to ensure asymptotic sta-
bility of the SMO (8), the following theorem is provided for designing the proposed SMO.
Theorem 1. For given constants scalars α > 0, µ > 1, β, ϵ and γ > 0 , if there exist matrices Pi = Pi

T > 0
and matrices Wi = PiEi satisfying the inequalities ∀(i, j) ∈ Θ×Θ, i ̸= j:

Pi ⩽ µPj (25) Πi Pi(T1Fi) PiΥi

∗ − 1
εIp 0

∗ ∗ −Im

 ⩽ 0 (26)

where

Πi = (T1Ai)
TPi + Pi(T1Ai) + αPi + βIn + CTWi

T +WiC + γ2In (27)

Then, for the switching signal σ(t) with ADT constraint (7), there exists a SMO (8) for the switched system
(2) such that the state estimation error (18) is GUAS.
Proof. In this part, we demonstrate the convergence property of the state estimations errors. Consider the
following multiple Lyapunov function:

Vi(ex(t)) = eTx (t)Piex(t) (28)

where Pi = Pi
T > 0. Based on (18), the derivative of Vi(ex(t)) is obtained as (29):

V̇i(ex(t)) = eTx (t)
[
NT

i Pi + PiNi

]
ex(t) + 2eTx (t)PiT1Fifa(t) + 2eTx (t)PiΥiν(t) (29)

If ∥fa(t)∥ ⩽ α1, then:

V̇i(ex(t)) ≤ eTx (t)
[
NT

i Pi + PiNi

]
ex(t) + 2α1

∥∥eTx (t)PiT1Fi

∥∥+ 2eTx (t)PiΥiν(t) (30)

For any positive scalar β, we have the inequality:

2α1

∥∥eTx (t)Pi(T1Fi)
∥∥ ⩽ β−1α1

2
∥∥eTx (t)Pi(T1Fi)

∥∥2 + β (31)

Hence,
V̇i(ex(t)) ≤ eTx (t)

[
NT

i Pi + PiNi

]
ex(t) + β−1α1

2
∥∥eTx (t)Pi(T1Fi)

∥∥2 + β
+ eTx (t)PiΥiν(t) + νT (t)ΥT

i Piex(t)
(32)
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By taking ε = β−1α1
2 in (32) implies:

V̇i(ex(t)) ≤ eTx (t)
[
NT

i Pi + PiNi

]
ex(t) + ε

∥∥eTx (t)Pi(T1Fi)
∥∥2 + β

+ eTx (t)PiΥiν(t) + νT (t)ΥT
i Piex(t)

(33)

For ∥ν(t)∥ ⩽ γ ∥ex(t)∥, the state estimation error converges asymptotically to zero and the gain from ν(t) to
ex(t) is bounded by γ if:

V̇i(ex(t)) + αVi(ex(t))− νT (t)ν(t) + γ2eTx (t)ex(t) ⩽ 0 (34)

Then,

eTx (t)
[
NT

i Pi + PiNi

]
ex(t) + αeTx (t)Piex(t) + ε

∥∥eTx (t)Pi(T1Fi)
∥∥2 + β

+eTx (t)PiΥiν(t) + νT (t)ΥT
i Piex(t) + γ2eTx (t)ex(t)− νT (t)ν(t) ≤ 0

(35)

The inequality (35) can be reformulated as (36):

[
eTx (t) νT (t)

]T
Ξi

[
ex(t)
ν(t)

]
⩽ 0 (36)

where

Ξi =

[
∆̃i PiΥi

ΥT
i Pi −Im

]
with

∆̃i = NT
i Pi + PiNi + αPi + βIn + εPi(T1Fi)(T1Fi)

TPi + γ2In (37)

Then, the inequality (36) is satisfied if the condition holds ∀i ∈ Θ

Ξi ⩽ 0 (38)

Changing Ni by their parameter (16) and define Wi = PiEi with the application of Schur complement, the
inequality (38) becomes: Πi Pi(T1Fi) PiΥi

∗ − 1
εIp 0

∗ ∗ −Im

 ⩽ 0 (39)

where

Πi = (T1Ai)
TPi + Pi(T1Ai) + αPi + βIn + CTWi

T +WiC + γ2In

This implies that ex(t) converges to zero based on Lyapunov stability theory in the presence of fault and signal
ν(t). By selecting Υi = P−1

i CT [20], the linearity of inequality (39) with respect to Pi and Wi allows for a
numerical solution within the LMI framework. This concludes the proof.

3.2. Actuator fault reconstruction approach
In this section, assuming the well-designed SMO gains specified in (7), we propose an efficient ap-

proach for the actuator fault reconstruction procedure. Relying on the results of Theorem 1, one obtains that
ey(t) = ėy(t) = 0 as t → ∞ then (22) becomes:

CT1Fifa(t) + CΥiν(t) (40)

Consequently,

CT1Fifa(t) = −CΥiν(t) (41)
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Suppose that the discontinuous term ν(t) is replaced by a continuous approximation νδ(t) using an
alternative approach, as described in [27], and by employing (22) and (23):

νδ(t) = α1
∥T1∥ ∥Fi∥

∥Υi∥
ey(t)

∥ey(t)∥+ δ
(42)

where δ is a small positive scalar selected to mitigate the chattering effect in the sliding motion. It can be shown
that the discontinuous component ν(t) can be approximated to any desired degree of accuracy by (42) for a
sufficiently small choice of δ. Since rank(CT1Fi) = q it follows from (41) that:

f̂a(t) ≈ −(CT1Fi)
+
CΥiνδ(t) (43)

Thus, the actuator fault can be approximated by this way.
Remark 1. While Essabre et al. [29] focused on analyzing constant actuator faults, our paper addresses the
issue of time-varying actuator faults.
Remark 2. Du et al. [30] introduced unknown input observers (UIO) for switched linear systems. However,
this technique is primarily designed to detect and estimate faults where the q-order derivative of the fault is
zero. In contrast, our work addresses various types of time-varying actuator fault signals.
Remark 3. Johnson et al. [31] employ the common Lyapunov functional approach to assess the stability
of the SMO design for continuous-time switched systems . Although widely utilized, this method has certain
limitations, particularly in finding a common Lyapunov function that is applicable to all subsystems. In contrast,
our approach in this study guarantees the global stability of the SMO by integrating the multiple Lyapunov
functional approach with the ADT concept. This integration enables us to achieve less conservative outcomes
compared to the utilization of a common Lyapunov function.

4. AN ILLUSTRATIVE EXAMPLE
In this section, we provide a simulated example to demonstrate the performance of the robust sliding

mode observer using a numerical example. We examine a continuous-time switched system of the form (2), as
proposed in [32] with N = 2 subsystems. The studied system is defined by:
Subsystem 1:

A1 =

 −1 0 0
2.5 −1 0.5
0 1 −1

, B1 =

 −1 −3
1 2.5
0 1

, F1 =

 1
1
1

 , R =

 0.7
0.8
0.5

, C1 =

[
1 0 1
0 1 0

]
Subsystem 2:

A2 =

 −2 1 0
0 −2 1
1 0 −1

, B2 =

 −1 −3
1 2.5
0 1

, F2 =

 1
1
1

 , R =

 0.7
0.8
0.5

, C2 =

[
1 0 1
0 1 0

]
The LMIs are solved using the MATLAB Yalmip toolbox. The parameters β = 0.5 and γ = 0.1 are

chosen to solve the optimization problem in Theorem 1. The designed SMO gains are obtained as:
For i = 1

N1 = 106 ×

 0.6954 −1.0702 0.6954
0.5961 −0.9173 0.5961
−1.0928 1.6817 −1.0928

, G1 =

 −0.6667 −2.4083
0.5 1.15

0.3333 1.6417


L1 = 105 ×

 −3.0676 4.6013
−2.6293 3.9440
4.8204 −7.2307

, Υ1 =

 −0.0012 0.0018
−0.0011 0.0016
0.0019 −0.0029


For i = 2

N2 = 106 ×

 0.3892 −0.7571 0.3892
0.3336 −0.6489 0.3336
−0.6117 1.1897 −0.6117

, G2 =

 −0.7108 −0.2492
0.1300 −0.0850
0.6242 0.3058


L2 = 105 ×

 −2.0331 3.0497
−1.7427 2.6140
3.1949 −4.7924

, Υ2 =

 −0.0007 0.0011
−0.0006 0.0009
0.0011 −0.0017


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For given µ = 2 and α = 0.6, one has τ∗a = lnµ
α = 1.1552. A switching signal σ(t) with an ADT of

τa = 1.5 ⩾ 1.1552 is generated and depicted in Figure 1.

Figure 1. Switching signal σ(t)

In the simulation, the control input u(t) is defined as follows:

u(t) =

[
u1(t)
u2(t)

]
=

[
2 sin(t+ 1.8)

1.5 cos(2t+ 3.6)

]
To demonstrate the robustness of the SMO-based fault diagnosis design, we assume the external dis-

turbance d(t) to be Gaussian noise with a zero mean and a variance of 10−2. In this example, we investigate
the effectiveness of the proposed method by considering two cases of actuator faults. The first case involves
actuator faults characterized by a constant value:

f1(t) =


0, 0s ⩽ t < 5s

1, 5s ⩽ t < 14s

−1, 14s ⩽ t ⩽ 20s

In this case, Figure 2 shows the constant actuator fault f1(t) and its estimated f̂1(t).

Figure 2. Constant fault f1(t) and its estimation f̂1(t)

If the actuator fault is a time-varying function as:

f2(t) =

{
0, 0s ⩽ t < 4s

cos(1.6t+ 2.25), 4s ⩽ t ⩽ 20s

Robust sliding mode observer based-simultaneous state and actuator fault estimation ... (Mohamed Elouni)
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In this case, the actuator fault f2(t) and its estimated f̂2(t) are described in Figure 3.

Figure 3. Time-varying fault f2(t) and its estimation f̂2(t)

Based on the outcomes of the simulation, it can be inferred that the method developed in this study has
a good performance in estimating actuator faults, both constant and time-varying. Figures 4 to 6 showcase the
system states alongside their corresponding estimates, affirming the effectiveness and precision of the designed
SMO in estimating the state vector accurately. Despite the existence of unknown external disturbances, the
simulation demonstrates the simultaneous achievement of accurate actuator fault and system state estimation
by the developed SMO.

Figure 4. The state x1(t) and its estimate x̂1(t)

Figure 5. The state x2(t) and its estimate x̂2(t)

Bulletin of Electr Eng & Inf, Vol. 13, No. 5, October 2024: 3714–3725
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Figure 6. The state x3(t) and its estimate x̂3(t)

5. CONCLUSION
In this article, the problem of actuator fault reconstruction for a class of continuous-time switched

systems subject to external disturbance according to ADT concept has been addressed. Employing a robust
switched SMO effectively nullified the detrimental impact of disturbances on state estimation, achieving per-
fect reconstruction of the actuator faults. Moreover, through the utilization of the LMI method, the necessary
observer matrices were synthesized efficiently. Finally, the efficiency of the designed method is verified through
a numerical example. The study demonstrated that the developed methodology allows for simultaneous esti-
mation of states and actuator faults with good performance. An open problem lies in extending these findings
to construct fault tolerant controllers. For instance, the authors aim to integrate the method with fault tolerant
control techniques. Leveraging the fault estimation obtained by the SMO, a reconfigurable fault tolerant control
scheme can be devised to uphold satisfactory performance and stabilize the system in the event of a fault.
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