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1. INTRODUCTION

During the previous several decades, quadrotors have been widely employed in numerous uses, and
a variety of modeling and control strategies have been presented for them. Being a tightly coupled nonlinear
multivariable system is one of the difficulties in designing controllers for a quadrotor. Because it employs
four actuators to manage six degrees of freedom, it is commonly referred to as an under-actuated system.
Considerable progress has been achieved by researchers in the area of quadrotor control by proposing various
control techniques [1]-[6]. These techniques aim to improve the stability, maneuverability, and performance
of quadrotor systems [7]-[10]. Several linear, nonlinear, and robust controllers have been examined for
implementation and simulation [11]-[14].

Proportional integral derivative (PID) and linear quadratic regulator (LQR) controls are used for
roll, pitch, and yaw angles as well as height, x, and y locations [13]-[17]. The feedback linearization (FBL)
control approach was the focus of several studies and used for a variety of quadrotor control applications.
Jiang et al. [18] proposed a new controller based on FBL technique. This approach was also employed to
design controllers for quadrotors in [19], [20]. Additionally, Reinoso et al. [21] and Labbadi et al. [22] robust
sliding mode control (SMC) was used for tracking trajectories.
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In the paper, we explore and compare various linear and nonlinear control techniques for the
quadrotor's trajectory tracking. The objective is to analyze the performance and effectiveness of these control
techniques in accurately tracking desired trajectories. First, in order to stabilize the system, the controller that
we defined was the commonly used linear PID controller. Next, various tests were carried in a closed loop
simulation for PID controller starting by step input test then by defining a nonlinear trajectory that the
quadcopter was able to track. The LQR was then invented; however, because it only uses an accurate
representation of the nonlinear model at the hover point, it may not perform as well or be as robust at other
operating points. So, we have to introduce another technique which is an input-output FBL of the system so
we get a fully linearized model of the system and we applied on its linear methods like the LQR and pole
placement. After that, a simulation was carried out by inserting a step input to the system then performing a
trajectory tracking. Finally, the SMC and the modified sliding mode controller (MSMC) are introduced,
defined, and explained; they demonstrated a good response to both step input and trajectory tracking.
However, the first method had a chattering effect that was rectified by the second one. The proposed method
is applied to control a quadrotor to evaluate its performance in terms of trajectory tracking, response time,
robustness, and robust stability. Utilizing MATLAB/Simulink software, the simulation is carried out.

The remaining portions of the paper are structured in this way. We present the quadrotor's
mathematical model in section 2. In section 3, control techniques are developed and verified by simulations.
In section 4, we provide a comparison of the designed controllers. Finally, a brief wrap-up and conclusion are
provided.

2. STATE SPACE MODEL
2.1. Mathematical model

To make the control problem simpler, based on the acquired mathematical models, a state-space
model will be developed [20]-[27]. The equations for the dynamic model are as (1):

X=f(XU) 1)
Where U is the input vector U = [U; U, U; U,]7, X is the state vector and X
X=[pp06ppzixiyyl

Following is another way to write (1):

X=fX)+X 9y (2)
With:
fX) =[xz aixaxe X4 GXpXe Xe A3XpXy X3 —g X0 0 Xz 0] 3)
gi=[0 0 0 0 00 0 G, 0 G, 0 G3]"eR”?
and @ = 27 _ gl -k, g2 =[0 by 0 0 0 0 0 0 O O O 0]"eR™
M= T BT =0 00 b, 00 0 0 0 0 0 0]FeR?
go=[0 0 0 0 0 b O 0 0O O O O]TeR?
with:
G, = %(COS X1 COS X3)
G, = i(sin X1 sin x5 + cosx; cosxs sin x3)
1 . . .
G; = ;(cos X, sin xg sin x3 — cosxs sin x;)
2.2. Linearized model
The linear model is available in the following format:
X =AX+BU (4)

Such that:
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For (A,B) to be controlled, the following requirements must be met in full [20], [27]:
rank(w,) =n (7

In this case, w, also known as Kalman's controllability matrix of dimension n x nm equals:
w,=[B AB A’B A3B A*B ASB A°B A’B A®B A°B A°B A!1B] € R'?**8

MATLAB was employed to verify the rank of the matrix w, and it was determined to have full rank. Thus,
(4) describes a controlled system.

3. CONTROL STRATEGIES
3.1. Proportional integral derivative controller

The most common controller for quadrotors is the PID, because they are simple to develop and
install, and due to how it is possible to optimize the gain parameters to get the required performance
[16], [28]-[30].

3.1.1. Altitude control
To control the quadrotor's altitude a PID controller is developed. It provides the control input Uy,
that regulates the quadrotor's altitude applying the equation. The following is the derived control law:

Uy = ky(zg —2) + k(24 — 2) + ki (24 — 2)dt (8)

The proportional gain, derivative gain, and integral gain are denoted by the terms k,, k4, and k; respectively.
The desired altitude and the desired altitude rate of change are denoted by z, and z, respectively.

3.1.2. Attitude and heading control
— Roll controller

To regulate the roll angle ¢ of the quadrotor, another PID controller is developed. The derived
control law generates the input U, that controls the roll angle as (9):
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Uy = kyp(dpg — P) + kd(‘ﬁd - ¢) +kif (pg — p)dt %)

The proportional, derivative and integral gains are denoted respectively by k,, k4, and k;. ¢, and ¢g are
respectively the desired roll angle and the desired roll angle rate of change.
— Pitch controller

A PID controller is designed for controlling the quadrotor's pitch angle 6. The resulting control law
generates the input U; as (10):

Us = ky(04—0) + kq(64 — 0) + k[ (8, — 0)dt (10)

The proportional, derivative, and integral gains are denoted respectively by k,, k4, and k;. 6, and 6, are
respectively the desired pitch angle and the desired pitch angle rate of change.

— Yaw controller

Similar to the two previous controllers, a yaw controller is designed to generate the control input U, based on
the following control law:

Uy =ky(q —¢) + kd(lj)d - 1/)) + ki) (pg —P)de (11)

k,, kq, and k; are respectively the proportional gain, the derivative gain and the integral gain. 1, and Y, are
the desired yaw angle and the desired yaw angle rate of change respectively.
— Position controller

A position controller is developed after achieving reliable controllers for the quadrotor's altitude and
attitude. The desired accelerations i, and j,are then calculated using PID controllers.

X’d = kp(.xd - .x) + kd(xd - x) + klf (xd - x)dt

. . . (12)

Ja = kp(Va = ¥) + kqa = ¥) + ki J (vg — y)dt
k,, kq, and k; denote respectively the proportional, derivative and integral gains. x4, X4, y4, and y, are
respectively the desired x position, the desired x position rate of change, the desired y position and the
desired y position rate of change.

3.1.3. Proportional integral derivative controller simulation

The following figures display the PID controller simulation results. The PID controller's step input
test is shown in Figure 1. Table 1 displays the rising time, the % overshoot, and settling time for positions X,
y, and z, and orientations y(t) using the PID controller. These parameters provide crucial information on the
PID controller's performance, accuracy, and stability when controlling the system. Figure 2 shows the
trajectory tracking for PID control.
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Figure 1. Step input test for PID controller
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Table 1. Characteristic performances to a step input when using a PID controller
x®  y® z() ()
Rise time (s) 078 087 064 0.8
Overshoot (%) 050 050 050 0.32
Settlingtime(s) 141 18 126 0.63

x motion tracking y motion tracking
1L 0.5
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£ E o
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-0.5f
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F Simulated 0.5 Simulated
Desired
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z motion tracking Trajectory tracking

Simulated
Desired

z(m)
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Desired
0 5 10 15 20 25 30 ) ———

Time (seconds) o x(r?‘\) os 10s UY[ml

Figure 2. Trajectory tracking for PID control

3.2. The linear quadratic regulator
3.2.1. The linear quadratic method

The LQR aims to minimize certain costs while guiding the state X of the system to follow the
desired path X; [31], [32]. Take into consideration the dynamic system:

Loex™” @)
The cost function for this optimal problem is given by:
J=J, WO R-U®+X®) ~ X)) Q- (X (1) = Xa(t))]dt (14)

where Q represents the state's cost and R represents the actuator cost; the two are positive definite [12]. The
control input U (t)that minimizes the cost function generated as (15):

U(t) =—K.[X(t) —X_d(®)] (15)
where the process of computing the optimal gains is carried out by:

K= RLBT.P (16)
The algebraic equation of Riccati can be resolved by the P matrix:

P.A+AT.P-P.BR™1.BT.P+ C.Q.C=0 an

Considering the linear system (3). We select the matrices Q and R taking into account A (4) and B (5). Using
the LQR function from MATLAB/Simulink, we apply the LQR control.

3.2.2. Linear quadratic regulator controller simulation

Results of the LQRs controller simulation are shown in Figures 3 and 4. The LQR position, altitude,
and heading response to a step input is displayed in Figure 3. The Table 2 presents the step input’s
characteristic performances using the LQR controller. Figure 4 displays Trajectory tracking for LQR control.
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Figure 3. The LQR’s position, altitude and heading response to a step input
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Figure 4. Trajectory tracking for LQR control

Table 2. Performance characteristics of a step input with the LQR controller

XM y®  z() P
Rise time (s) 072 072 152 068
Overshoot (%)  3.64 364 473 0.50
Settlingtime (s) 122 121 225 1.04

3.3. Feedback linearization control
3.3.1. Feedback linearization method
FBL is a nonlinear control design method whose basic principle is to algebraically transform the
dynamics of nonlinear systems into linear ones, allowing linear control design approaches to be employed
[33]-[35]. In this study, the input-output linearization strategy was employed to avoid the complexity of the
input-state linearization technique [36]-[38]. We choose an output function for the system to determine the
control objective. We want to regulate both the quadrotor's absolute position [x y z ]T and the yaw angle .
Thus, the selected output function is:

y=h@) =[xyzy]"

Assuming that the state x of the system is completely measurable, we aim to develop a static state feedback
control rule of the following form:

u = akx)+ ).v
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where v is the external reference input, a(x)=[a(x); a(x), a(x); a(x),]” and B(x) e R**%,
Our system in given as follows in the new coordinates:

z=A-z4+B-v
{yzc-z (20)
with:
z2=[21 Zp Z3 Zy Zs Zg Z; Zg Z9 Zio Zu Z1z Z13 Zua]" € R™ (21)
v=[v1 vy vz 7" eR* (22)
A, 0 0 0 B, ¢ 0 0 0
0 A; 0 O B 0 cI 0o o
A= eRM™ B=| 2 C= ! € Rv 23
0 0 A O B, 0 0 o o0 (23)
0 0 0 A2 B4 0 0 0 Cg
[0 1 0 O]
— 00 10 4x4 0 1 2x2
Ar=lo 0 o 1|SRT A= o]ER (24)
0 0 0 Ol
[0 0 0 O] 0 0 0 O
_10 0 0 0 4xa _10 0 0 O 4x4
Bi=lo 0 0 of/S®7B2=|g o o o R (25)
1 0 0 Ol 01 0 0
[0 0 0 O]
_]10 0 0 O 4x4 _ 0 0 0 O 2x4
Bs=lo 0 o of SR "B [0 0 0 O]ER (26)
0 0 1 Ol
a=[1 0 0 0TeRY,c,=[1 0]" €R? (27)

Since we were able to derive a linear system, it is feasible and simple to use additional feedback control
methods, including LQRs and pole placement.

3.3.2. Simulation results of feedback linearization with pole placement

Results of the FBL controller simulation are shown on the following figures. Figure 5 displays how the
FBL with pole placement responds to a step input in terms of position, altitude, and heading. Using the FBL
controller with pole placement, Table 3 displays the rising time, settling time, and overshoot for coordinates X,
y, and z, and orientations y(t). Figure 6 shows trajectory tracking for FBL control with pole placement.
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Figure 5. Position, altitude, and heading reaction of the FBL with pole placement to a step input
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Table 3. Characteristic performances to a step input when using the FBL controller with pole placement
x®  y® z() P

173 272 173 113

252 0 257 050

278 494 29 2.1

Rise time (s)
Overshoot (%)
Settling time (s)

y motion tracking

x motion tracking
0.8
1
0.4
05 0.2
E E o
= ° Simuated | = E'Efff”
Desired 0.2 T
05 0.
0.4
-1
-0.8 L L + 1
(1] 5 10 15 20 25 30 o 5 10 15 20 25 30
Time (seconds) Time {seconds)
.5 z motin tracking Trajectory tracking
5 ' o
10
£ .
=1 Simullated
Desired
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25 30 o
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Figure 6. Trajectory tracking for FBL control with pole placement

3.3.3. Simulation results of feedback linearization with linear quadratic regulator
Results of the LQR controller simulation are shown on the following figures. Figure 7 illustrates

how the FBL using LQR responds to a step input in terms of position, altitude, and heading. A step input's
characteristic performances are shown in Table 4 using the FBL controller with LQR. Figure 8 shows

trajectory tracking for FBL with LQR control.
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Figure 7. Position, altitude, and heading response to a step input using the FBL controller with LQR

Table 4. Step input's characteristic performances using the FBL with LQR
x® y® zt) PO

0.60 060 060 0.3

815 815 815 0.50

177 177 176 022

Rise time (s)
Overshoot (%)
Settling time (s)
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Figure 8. Trajectory tracking for FBL with LQR control

3.4. Sliding mode control
3.4.1. Sliding mode control method

A SMC is a robust control method that uses a high-speed switching control rule to retain the state
trajectories on a user-defined surface in state space and push them in that trajectory. The core principle of the
SMC technique is to guide the system states toward an appropriate sliding surface and then develop a
stabilizing control rule to ensure that the system states remain on that surface [39]-[41]. Das et al. [8], the
general form of (28) was proposed for choosing the shape of the sliding surface:

s=(2+4)""e (28)

— Altitude control

The tracking errors indicate the difference between the state's current and desired values, which are
defined as (29):

e, =zZ—2 (29)
S, defines the sliding surface:

S, =Ae, +é, (30)
The following are the exponential reaching laws for altitude sliding surfaces:

S; = —&; 5gn (S,) — kS, @31)
Following that, the exponential reaching law is equivalent to the sliding surface's derivative as (32):

Sy = —&,580 (S;) = kS, = ,(2 — 24) + (7 — Z4) (32)

Control input for altitude U, is calculated:

Uy = [, — 2 + g + 74 — g, 58n(S,) — k,S,] —— (33)

cos ¢pcos 6

— Attitude control
The same procedures used to develop the altitude controller are used to implement an attitude SMC,
pitch U,, roll U;, and yaw U, control inputs are calculated as (34):

Bulletin of Electr Eng & Inf, Vol. 14, No. 2, April 2025: 940-955
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IT{MT — 0y (13,1;12) + $a — egsgn (Sp) — k¢5¢] =

Uy = [~29 (6 — ba) -
Uz = [—19(9 —04) + Ir(fi - P (IZI_Ix) + 64 — ggsgn (Sg) — koSo |~
y y
Uy = [~2y (b —a) = $6 (572) +Pa — eysgn (Sy) = kySy | 2

(34)

Position controller
Position tracking of the quadcopter is achieved by calculating the desired rotational angles ¢, and

6, around the hover:
] (35)

¢d]_1[5inlp —coslll][ (X = %q) + X4 — 590 (Sx) — kxS
0a1l " glcos ¥ sin Y ||,y —Va) +J4 — ysgn (S,) — kS,

3.4.2. Sliding mode controller simulation
Results of the SMC controller simulation are shown on the Figures 9 and 10. Figure 9 shows the
SMC's position, altitude, and heading responses. Figure 10 shows trajectory tracking for SMC control.

Table 5 presents the characteristic performances to a step input using the SMC
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Figure 9. The SMC's position, altitude, and heading responses
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Figure 10. Trajectory tracking for SMC control
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Table 5. Step input's characteristic performances using the SMC
x® vy z2t) P
Rise time (s) 099 115 059 048
Overshoot (%) 003 05 050 0.50
Settlingtime(s) 199 211 11 0.85

3.5. Modified sliding mode control
3.5.1. Modified sliding mode control method
The chattering phenomenon associated with SMC presents challenges that make it difficult to

implement in real-world applications [24], [42]. To mitigate the chattering effect, utilizing a saturation
function in place of the sign(s) function. This function is expressed as (36):

_(siflsl< 1
sat(s) = {sgn(s) if |s| > 1 (36)
Therefore, to apply this modification to our system's SMCs, the sign(s) function terms in (33)-(35)

should be changed by the sat (s/€) function. The constant € represents the line's slope between 1 and -1, this
region is the border region or boundary layer.

3.5.2. Modified sliding mode controller simulation

Results of the MSMC controller simulation are shown on the following figures. Figure 11 shows the
Modified SMC position, altitude, and heading responses. Table 6 presents the characteristic performances to
a step input. Figure 12 shows trajectory tracking for modified SMC control.
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0 2 4 [ 8 10 0 2 4 6 8 10
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Figure 11. The modified SMC position, altitude, and heading responses

Table 6. Step input's characteristic performances using MSMC
x(t)  y@t) z() ()
Rise time (s) 070 115 0.60 048
Overshoot (%) 050 050 050 050
Settlingtime(s) 148 207 111 0.86

The SMC and the MSMC were introduced, defined, and explained; they demonstrated a good

response to both step input and trajectory tracking. However, the first method had a chattering effect that was
rectified by the second one.
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Figure 12. Trajectory tracking for MSMC control

4. DISCUSSION AND RESULTS COMPARISON
4.1. Step response comparison

The response graph for (X, y, z, ¥) of the system, influenced by each of the six controllers, were
plotted on top of one another to facilitate a proper comparison among the six implemented control strategies.
Figure 13 displays the output variable x's step response using different controllers. Table 7 illustrates step
input's characteristic performances for the x(t) variable using the different controllers. Figure 14 displays the
step response of the output variable y using different controllers. Table 8 illustrates step input's characteristic
performances for the y(t) variable using the different controllers.

Step input

—— PID response
————— FBL+LQR response

| FBL+PP response

LQR response

[ SMC response

‘ ‘ | | MSMC response

4 5 6 7 8 9 10
Time (seconds)

Figure 13. x(t) response to a step input using the six different controllers

Table 7. Step input's characteristic performances for the x(t) variable using the different controllers

X(t) PID LQR FBL+PP FBL+LQR SMC MSMC
Rise time (s) 0.78 0.72 1.73 0.60 0.99 0.70
Overshoot (%) 050 3.64 2.57 8.15 0.03 0.50
Settling time (s) 141 122 2.78 1.77 1.99 1.48

Figure 15 displays the step response of the output variable z using different controllers. Table 9
illustrates step input's characteristic performances for the z(t) variable using the different controllers. Figure
16 shows the step response of the output variable y using the different controllers. Table 10 illustrates step
input's characteristic performances for the y (t) variable using different controllers.
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Figure 14. y(t) response to a step input using the six controllers

Table 8. Step input's characteristic performances for the y(t) variable using the different controllers

y() PID LQR FBL+PP FBL+LQR SMC MSMC
Rise time (s) 0.87 0.72 2.72 0.60 1.15 1.15
Overshoot (%) 0.50 3.64 0 8.15 0.5 0.50
Settling time(s) 1.80 1.21 4.94 1.77 211 2.07
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Figure 15. z(t) response to a step input using the six controllers

Table 9. Step input's characteristic performances for the z(t) variable with the different controllers

2(1) PID LQR FBL+PP FBL+LQR SMC MSMC
Rise time (s) 0.64 152 1.73 0.60 0.59 0.60
Overshoot (%) 050 4.73 2.57 8.15 0.50 0.50
Settling time(s) 1.26  2.25 2.9 1.76 1.10 1.11
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Figure 16. ¥ (t) response to a step input using the six controllers

Table 10. Step input's characteristic performances for the Y (t) variable with the different controllers

(D) PID LQR FBL+PP_FBLYLQR SMC__MSMC
Risetime (s) 028 068 113 0.12 048 048
Overshoot (%) 032 050 050 0.50 050 050
Settling time(s)  0.63 _ 1.04 2.1 0.22 085  0.86
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Based on the Tables 7 to 10, the following deductions can be made:

— The combination of FBL and LQR controller has the best overall performance for the four output
variables regarding both rise and settling time. However, it has bad overshoot.

— The PID, SMC, and MSMC has an acceptable rise time settling time and almost overshoot is neglected at
all in all the cases.

— The LQR controller also showed an acceptable rise and settling time but suffered from a small overshoot.

— The FBL with pole placement had the worst performance concerning both the rise and settling time, yet it
had almost no overshoot.

4.2. Trajectory tracking comparison

The PID controller tracks the user-defined trajectory with good performance. However, there is
some overshoot in the beginning for about 2 seconds as illustrated in (Figure 2). The performance of the LQR
tracking was lower than that of the other controllers. As, we can see that the actual path is slightly above the
desired one, and the actual path never reaches the desired one in the zigs and turns as illustrated (Figure 4).

The FBL with pole placement was slightly better than the LQR, unlike the latter which never
reached the zigs and turns, The FBL with pole placement reached but passed them as for the path the tracking
was good (Figure 6). The FBL with LQR was the best controller among them all, it showed no overshoot at
the beginning and the tracking was almost perfect that the desired and the actual trajectory was on top of each
other (Figure 8). The SMC and the MSMC were also very good in tracking the trajectory except they both
had a small overshoot at the beginning and the SMC suffered from the chattering effect (Figure 10 and 12).

5. CONCLUSION

This paper gives a comparison of linear and nonlinear control strategies used to operate quadcopters.
To evaluate the performance of the suggested control algorithms, the Newton-Euler technique is used to
generate the quadcopter's dynamic model. The step response of all six controllers is examined in terms of
rising time, percentage overshoot, and settling time. The best results are obtained when employing the PID,
LQR, and FBL control approach using LQR. The SMC achieved an acceptable result, however FBL with
pole placement was insufficient. In the trajectory tracking section, when all six controllers are compared to
each other, we observed that the best results are obtained when employing the FBL control approach with
LQR, and the modified SMC.

Because it is difficult to predict external disturbances such as wind velocities, the mathematical
model offered does not take these into account. The controllers should be made robust so that they can
effectively deal with external disturbances that were overlooked during modeling. Future research should
take the disturbances into account. Another step is the development of a controller capable of dealing with
the failure of one or more rotors.
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