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	An inverted pendulum is a multivariable, unstable, nonlinear system which is used as a yardstick in control engineering laboratories to study, verify and confirm innovative control techniques. Observer-based Linear Quadratic Regulator (LQR) controller and Linear Matrix Inequality (LMI) are proposed for upright stabilization of the system. Simulation studies are performed using step input magnitude, and the results are analyzed. Time response specifications and level of disturbances rejection are employed to investigate the performances of the proposed controllers where the LMI controller exhibits better performances in both stabilization and robustness.
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1. INTRODUCTION
[bookmark: _GoBack]A variable speed control moment gyroscope (VSCMG) actuator was employed to control an atypical pendulum configuration [1]. The work employed both the angular momentum variation in amplitude and direction to implement the control.  Coupled state-dependent Riccati equation (SDRE) method for scientifically designing nonlinear quadratic regulator (NLQR) and H infinity control of an under-actuated Furuta rotary pendulum was developed[2]. Mukhtar et al. described the main control objectives of a rotary inverted pendulum as swing-up control, stabilization control, switching control and trajectory tracking control [3]. Tian et al. proposed RBF-ARX(state-dependent Auto-Regressive model with exogenous input and Radial Basis Function network type coefficients) model-based efficient robust predictive control method for systematic inverted pendulum design[4].Output feedback laws with a minimum switching rule for saturated switched linear systems were developed, and it provided control synthesis conditions of spherical inverted pendulum [5].Improvement of Polekhin's theorem by lowering the regularity motion and a periodic solution for the carriage moving periodically on the plane was obtained[6].Galan et al. offered an open-source online lab experiment for the Furuta pendulum, a system helped researchers to study nonlinear dynamics and control theory [7]. The two-stage inverted pendulum was presented using a differential equation where the equation was linearized to near an equilibrium position to derive a linear state equation[8]. Mahmood et al. feedback linearization and sliding mode control approach was established to stabilize a class of fourth-order nonlinear systems where design parameters of the sliding surface were modified using the adaptation laws, based on the gradient descent technique[9]. Xu et al. stabilized a wheeled inverted pendulum using one accelerometer with a modified mechanical structure [10]. Approximate feedback linearization and sliding mode methods were employed to control a cart-type inverted pendulum, where stability was achieved by using an optimized hybrid algorithm based on the particle swarm optimization and genetic algorithm[11]. Hanwate et al. proposed an adaptive control logic to serve as a supervisory control system sufficient to reduce disturbance due to modelling uncertainties[12]. Trentin et al. controlled reaction wheel oscillation using a proportional-integral controller[13]. Bui et al.  stabilized an inverted pendulum with a fuzzy controller in the vertical position of a damped-elastic-jointed subjected to a time-periodic follower force[14]. Lin et al. developed an a pneumatic cart-pendulum-seesaw system for the vertical balancing of the pendulum [15]. Xu et al. stabilized inverted pendulum using a single accelerometer where he introduced a new position selection process[16]. Yigit developed nonlinear modelling, simulation and sliding mode stabilizing control of a real rotary inverted pendulum[17].Linear Quadratic Regulator (LQR) was considered to stabilize the system in a vertical position where the disturbances rejection of the system was analyzed [18]. In pole-placement method the closed loop pole location must be determined, but the researcher may not really know where they are located. The optimal control method ignores finding the desired pole location.The control law of the optimal control method always optimizes performance of the system in the accurate sense and the above all drawbacks are avoided. So, a linear state feedback controller based on the linearized Inverted Pendulum model can instead be used and may also be extended with a disturbance observer (Kalman Filter), to improve the disturbance rejection performance.
This paper presents observer based LQR and LMI controllers for stabilization control of an inverted pendulum system and using the simulation studies, the performances of the designed controllers were compared and analyzed. Next section of the paper presents detail dynamic model of the system, control schemes are given in Section 3. Results and discussion were presented in Section 4. And finally, conclusions and future recommendation was given in Section 5.


2. SYSTEM DISCRIPTION
The 33-000-V73 version of laboratory-scale feedback inverted pendulum system is presented. The system consists of dual pendula, a cart, a D.C motor, and a rail. For the pendula to rotate freely through 3600, the two are hinged at the cart’s centre. The D.C motor moves the cart horizontally on the rail, freely. Figure 1 shows the mechanical system. The system is unstable whenever the pendula are positioned vertically but downright stable when positioned at a downwardly. Any slight deviation from the equilibrium point would render the pendulum totally unstable. The movement region of the inverted pendulum in which control is achievable has been shown in Figure 2.

[image: ]
Figure 1. The laboratory-based inverted pendulum

[image: C:\Users\BASHIR\Desktop\Nura Oct19\n21.png]
Figure 2. Schematic diagram of inverted pendulum

2.1. System modelling 

Figure 3 shows the system representations, where x, f(t), and θ are the cart displacement, the applied force (N) and the pendulum angle respectively. I is the moment of inertia (kgm2) of the rod from the centre of mass, M is the cart’s mass (kg) and l is the length (m) of the pendulum. b and c are the cart’s viscous and translation damping (Ns/m) respectively. And system parameters is as recorded in table1 [18]. 


[image: ]

[bookmark: OLE_LINK89][bookmark: OLE_LINK90]Figure 3.Schemetic diagram 


	Parameters
	Values

	Mass of the cart (M)
	2.4Kg

	Mass of pole (m)
	0.23Kg

	Length of pole (l)
	0.38m

	Moment of inertia of the pol (l)
	0.099Kg/m2

	Coefficient of friction of cart (b)
	0.05

	Damping coefficient of pendulum (d)
	0.005Nms/rad

	Gravity (g)
	9.8m/s2


Table 1. System Parameters [18]








Based on Figure 3, the system’s overall dynamic equations were obtained as;
						(1)
In addition, this was represented in a state-space form as;
											(2)
											(3)
And states vector of the system was expressed as;
										(4)
Where;
, are the pendulum angle, angular velocity, cart displacement and velocity of the cart respectively. The system matrix was obtained as;








3. CONTROL SYSTEM DESIGN
In this part, observer-based LQR was designed and then compared with LMI controller for upright stabilization control of the inverted pendulum. The position of closed-loop poles of a given linear dynamic system in a complex plane determined the stability and transient response of the system. Thus, the system closed-loop poles were located in an LMI region in order to stabilize the system.

3.1. LQR Control
In the LQR control system, a control law is selected to regulate the state x and to get the performance index minimized:
[image: ]
	(5)

Where;
J is the performance index, are the weight matrices for the control variable   and state variable  respectively. Figure 4 shows a typical LQR control system.



[image: ]
Figure 4.Typical LQR Control System

R and Q are positive definite and the semi-positive definite matrices respectively.
Thus, K can be obtained to satisfy the feedback control law[19], [20].
	(6)
Where;
P is the solution of Riccati equation; 
								   (7)
And
									                   (8)
The closed-loop controller gains was found as; K = [20.9777    8.3690   -3.9528   -4.1689].

3.2. Observer Feedback Control Design
In full state feedback control design, it is assumed that all states are available for feedback and the system has to completely state observable. As a rule of thumb, the observer poles are chosen so that its response is at least two to five times faster than the system response. This will make the observer states to quickly converge to the actual state; the observer equation is as shown in (9) [21].
)							                     (9)
Where L is observer gain,  estimate states, u is the control signal and y is the output.
									                      (10)
Equation (10) is the observed feedback control law. The observer error equation is written as; 
									                       (11)
Thus Figure 5 shows the block diagram of the observer feedback control system.
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[bookmark: OLE_LINK93]Figure 5. Observer Feedback Control System

The estimator poles were chosen ten times as faster as the system poles. The observer gain L was obtained using MATLAB routine called “place”. The observer pole was assigned as P. Therefore the observer gain was obtained as;
L = place (A', C’, P)'                               						                  (12)
This generated an observer gain that placed the poles in the desired position. The control law with the observer design was combined to get a compensator. The following parameters were used in the design of the observer in MATLAB.The weight due to angle and position values are Qdiag. [25, 0, 250, 0] and R = 1.6. Thus, the closed-loop system gain was obtained as;
K = [55.5439   22.2266 -12.5000 -12.0038] 
Hence, the observer gain was obtained as;


3.3 Reduced order Observer Design
	In reduced order observer design, it is assumed that some of the states are known while some are unavailable. Based on this assumption the state space equation can be expressed as:
							(13)
 is available state
 is unavailable states (states to be estimated)
Based on equation (13), the reduced order observer equation is obtained as shown in (14).
				(14)
The observed feedback control law
								(15)
The reduced order observer error equation is written as; 
								(16)
In this work, the unavailable states arethe pendulum angle and angular velocity, while the available states arecart displacement and velocity of the cart. Therefore 
										(17)
										(18)
From the system matrix ,,   and can be obtained as:
,   and 
The reduced order observer gains can be obtained using MATLAB as:
L = place (Auu', Aau’, P)'                                                                                                      		(19)
3.4. Internal and external stability
Internal stability dictates the system behavior when no input is applied, while external stability dictates the behavior of the system under action of external input.
Therefore to show the system is internally unstable the open loop system will be simulated without any external input (with initial condition only) whileto show the system is externally unstable the open loop system will be simulated with an external input.

3.5. LMI algorithms
Stability and transient response of linear systems depend on the locations of the poles in the complex plane.Brood over a linear dynamic system;
									              (20)
Equation (21) represents an asymptotically stable system when all its poles are placed in the left-hand side of the complex plane as seen in Figure 6.
[image: ]
Figure 6. Left half-plane

[image: ]
Figure 7. LMI region
The Lyapunov theorem states that the system in equation (21) is said to be asymptotically stable once a real symmetric matrix P satisfying the following LMIs exists [22];
							             (21)
The LMIs in Equations (21) provides the conditions for the stability of the system in equation (20). The LMI region is as presented in Figure 7.
All the poles of the system in equation (20) will be lying in the LMI region of Figure 7 if and only if there exists asymmetrical positive definite matrix P such that;
			(22)
									(23)
						(24)
The LMIs in (22) and (23) represent the vertical strip, while the LMI in (17) represents the circle centred at  with radius.

3.5.  Proposed Controller Design
	The block diagram of the proposed control system is shown in Figure 8.U is the control input, the reference input vector is denoted by r, Xrepresents the state vector, N represents the reference input scaling factor vector while the controller gain vector is denoted by K. 
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Figure 8. Proposed control system block diagram

From Figure 8, the control law is, therefore;
									(25)
Inserting the proposed control law of equation (18) into the system yields;
								(26)
									(27)
At steady-state;
										(28)
										(29)
The aim here is to make the system states Xto track the reference inputs r at steady state. 
Hence; 
										(30)
Inserting equations (28)-(30) in equation (20) yields; 
							(31)
Therefore;
								(32)
Pre-multiplying both sides of equation (32) by BTgives;
								(33)
Pre and post multiplying both sides of equation (33) by gives:
							(34)
From equations (11) and (12):
									(35)
Inserting equation (35) in (28)-(30) makes the following LMIs:
						(36)
						(37)
						(38)
									(39)
Where; 
									(40)
Mand P can be obtained by solving the LMIs in (36)-(39).
The controller gains K can, therefore, be found by inserting M and P in equation (40). The reference input scaling factor N can then be found through equation (34). Hence, N and K were found as [20.9777    8.3690   -3.9528   -4.1689] and [-461.5637 -178.3047 155.2348 104.0856] respectably by using MATLAB codes to solve the LMIs (36)-(39).

4. RESULTS AND DISCUSSION
In this section, MATLAB software was used in the implementation of the proposed control schemes.  Figure 9 shows the open-loop response of the system which confirms the system is completely unstable. Therefore the observer design is required to determine the observer gain matrix L to estimate the system output and generate the control signal and yield the desired closed-loop performance. 
Thus, the closed-loop poles of the observed states feedback system have system poles and the observer poles. They can be designed separately and combine to form an observer feedback control system. Therefore the observer poles are chosen in such a way that the observer response is much faster than the system response so that the observer has less effect on the system. Figure 10 shows the pole-zero map of the closed-loop observer poles. Figure 11 shows the response of the system with initial pendulum angle of 0.1 rad and turned parameters values as; Qdiag.[25,0,250,0] and R = 1.6. The systems stabilized at 2 sec with 0.262 m undershoot of cart position and 0.08 m of the swing angle. 
	In addition, LMI controller was designed and compared with observer-based LQR. In this control schemes, the closed-loop poles need to be placed in the LMI region of the complex left-half plane so as to achieve a stabilized system and good transient response. The LQR controller does its job of maintaining the pendulum angle in an upright position, but its response is sluggish as compared to the LMI Controller. The performance comparisons of the two controllers clearly show that LMI is superior as compared to the LQR controller as shown in Figure 12.

[image: ]
Figure 9. Open Loop Response of the system
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Figure10. Close Loop Pole Zero Map
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Figure11. System Closed Loop Response with observer-based LQR

[image: ]
Figure12.The response of LQR and LMI controllers


CONCLUSION
In this paper, the performances of the observer-based LQR and LMI controllers were investigated for upright stabilization control of nonlinear inverted pendulum. LQR and LMI controllers were designed to stabilize the pendula. Based on simulation results, a better performance was achieved using LMI controller. To further reduce the amplitude and frequencies of the oscillation, frictional coefficients were taken into consideration.
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